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FIGURE 14. By completing the incomplete
pyramid, its volume can be calculated as the
difference of the volumes of two similar pyra-
mids.

By similar triangles, x/a = (x 4- h)/b. So, as in the planar case,
x = ha/(b - a) and x + h = hb/(b - a). Therefore the volume of
the incomplete pyramid is

= (l/3}hb*/(b -a)- (l/3)ha3/(b - a)

This formula, which was detailed in a papyrus from 1800 B.C., rep-
resents a high point in the geometry of the ancient world. It can be
appreciated by any student who reaches the level of first-year algebra.
Truly enterprising students can conjecture the formula for the volume
of an incomplete pyramid in the fourth dimension or in higher dimen-
sions.

Cylinders and Discs

The volume of water in a circular cylinder is a little more than three-
quarters of the volume of the rectangular box in which the cylinder
just fits (Figure 15). If we pour the water from the cylinder into box-
shaped containers of the same height, with square base whose side equals
the radius of the cylinder, then we can fill three such boxes and still
have some water left over. Experiments with different cylinders and
related boxes will quickly show that this pattern works for cylinders
of any radius or height. The same ratio, of course, relates the area
of a circle to its circumscribing square. Because children can measure
poured quantities more easily than painted areas, it may be easier for
them to grasp this fundamental ratio first in terms of volume and then
subsequently in terms of area.